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THE ENDOMORPHISM RING OF A SQUARE-FREE
INJECTIVE MODULE
MAI HOANG BIEN
Dedicated to Professor Alberto Facchini for his 60th birthday
Abstract. Let MR be an injective right module over a ring R. The goal
of this paper to prove that the endomorphism ring S = End(MR) of MR is
quasi-duo if and only if MR is square-free.
1. Introduction
In this paper, rings are meant to be associative with identity and modules are
understood to be right modules. It is well known that an injective module is
indecomposable if and only if its endomorphism ring is a local ring [4]. The aim of
this paper is to generalize this result from indecomposable modules to square-free
ones.
Recall that an injective R-module MR is said to be square-free if it contains no
direct summand isomorphic to X ⊕ X for some direct summand 0 6= X of MR.
A ring S is called left quasi-duo (resp. right quasi-duo) if every maximal left ideal
(resp. maximal right ideal) of S is a two-sided ideal. If S is both left and right
quasi-duo then S is said to be quasi-duo. The class of quasi-duo rings is not “small”.
For example, commutative rings and local rings are quasi-duo. Factors of a quasi-
duo ring are also quasi-duo. In [5], the author proved that S is quasi-duo if and only
if S/J(S) is quasi-duo. Here, J(S) is the Jacobson radical of S. The direct product
of a family of rings is quasi-duo if and only if each ring is quasi-duo. The matrices
ring Mn(D) of degree n over a division ring D is quasi-duo if and only if n = 1.
Hence, a direct product of finitely many division rings is quasi-duo. Therefore, rings
of finite type are quasi-duo [1]. In particular, the endomorphism rings of univerial
modules, couniform projective modules, cyclically presented modules over a local
ring, and the kernels of morphisms between indecomposable injective modules are
quasi-duo (see [1]). Examples of right quasi-duo rings which are not left quasi-duo
are unknown [3, Question 7.7]. Of course, if there exists such ring R then the
opositive ring Rop of R is left quasi-duo and not right quasi-duo.
Let MR be an injective module over R. In this paper, we will show that MR
is square-free if the endomorphism ring S := End(MR) of MR is either left quasi-
duo or right quasi-duo (Theorem 2.1). Conversely, if MR is square-free then S is
quasi-duo. In fact, we prove that if MR is square-free then every one-sided ideal of
S containing J(S) is two-sided (Theorem 2.6 and 2.8).
The symbols and notations we use in this paper are familiar to module and ring
theory. ⊆e will denote an essential submodule, and E(N) will denote an injective
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envelope of a module N . For any direct summand N of a R-module MR, ιN and
piN , respectively, are the embedding of N into MR and the projection of MR onto
N .
2. Results
Theorem 2.1. Let MR be an injective R-module. If the endomorphism ring S =
End(MR) of MR is either left quasi-duo or right quasi-duo then MR is square-free.
Proof. Assume that S is left quasi-duo and there exist direct summands
A,B,C of MR such that A ⊕ B ⊕ C = MR and A is isomorphic to B. Call I a
maximal left ideal of S containing s = ιB⊕CpiB⊕C . Then I is a two-sided ideal of
S by hypothesis. Let α be an isomorphism from A to B. Define f := ιBαpiA and
g := ιAα
−1piB + ιCpiC . Then sf + gs ∈ I and
ker(sf + gs) = { a+ b+ c ∈ A⊕B ⊕ C | (sf + gs)(a+ b+ c) = 0 }
= { a+ b+ c ∈ A⊕B ⊕ C | α(a) + α−1(b) + c = 0 } = 0.
Hence, sf + gs is injective. Consider the diagram
0 // A⊕B ⊕ C =MR
sf+gs
//
1

MR
h
tt
MR
Since MR is injective, there exists morphism h of S such that h(sf + gs) = 1,
which imlies I = S. Contradiction. Therefore, if S is left quasi-duo then MR is
square-free.
Similarly to the right side.
Lemma 2.2. Let MR be a square-free injective R-module. If N1, N2 are two iso-
morphic direct summands of MR then N1 and N2 are two injective envelopes of
N1 ∩N2.
Proof. Let A1, A2 be injective envelopes of N1 ∩ N2 respectively in N1, N2
and B1, B2 be respectively direct summands of N1, N2 such that
N1 = A1 ⊕B1, N2 = A2 ⊕B2.
Since N1 ∼= N2 and B1 ∩ A2 = 0, B1 is isomorphic to a direct summand C of N2
and since B1 ∩ N2 = 0, B1 + N2 = B1 ⊕ N2 is injective, which implies that MR
contains B1⊕C, with B1 ∼= C, as a direct summand. Therefore B1 = 0. Similarly,
B2 = 0. Thus, N1, N2 are two injective envelopes of N1 ∩N2.
Lemma 2.3. LetMR be a square-free injective R-module withMR =M1⊕M2. If N
is a direct summand of MR then N is an injective envelope of (N ∩M1)⊕(N ∩M2).
Proof. Let A be an injective envelope of N ∩M1 in N and B be a direct
summand of N such that N = A ⊕ B. Consider pi := piM2 , the projection of
M1⊕M2 onto M2, and the morphism pi |B : B →M2 restricted on B of pi. Because
B∩M1 = 0, pi|B is injective. Hence, B is isomorphic to a direct summand C ofM2.
By Lemma 2.2, B is an injective envelope of B ∩ C. Therefore, B is an injective
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envelope of N ∩M2 = B ∩M2 ⊇ B ∩C. This implies N is an injective envelope of
(N ∩M1)⊕ (N ∩M2).
Lemma 2.4. Let MR be an injective R-module, S = End(MR) be the endomor-
phism ring of MR and J(S) be the Jacobson radical of S. For any element f ∈ S,
there exist e1, e2, g1, g2, h1, h2 ∈ S and i1, i2, j1, j2 ∈ J(S) such that e1, e2 are idem-
potents and
e1 = fg1 + i1, f = e1h1 + j1,
e2 = g2f + i2, f = h2e2 + j2.
Proof. It is well-known that S/J(S) is a Von Neumann regular ring and any
idempotent of S/J(S) can be lifted to an idempotent of S (see [2, Theorem 13.1]).
Hence, for any f ∈ S, there exists idempotent e1 ∈ S such that
(fS + J(S))/J(S) = (e1S + J(S))/J(S).
Therefore, e1 = fg1 + i1, f = e1h1 + j1 for some g1, h1 ∈ S and i1, j1 ∈ J(S).
Similarly to e2 = g2f + i2, f = h2e2 + j2.
Lemma 2.5. Let MR be an injective R-module, S = End(MR) be the endomor-
phism ring of MR and e be an idempotent of S. For any element f ∈ S, f ∈ eS if
and only if f(MR) ⊆ e(MR).
Proof. Assume that f = eh for some h ∈ S. Then f(MR) = eh(MR) ⊆ e(MR).
Conversely, assume that f(MR) ⊆ e(MR). Then for any x ∈ MR, f(x) = e(y) for
some y ∈MR. Hence,
f(x) = e(y) = e(e(y)) = e(f(x)).
Therefore, f = ef ∈ eS.
Theorem 2.6. Let MR be an injective R-module and S = End(MR) be the endo-
morphism ring of MR. If MR is square-free then every right ideal of S containing
J(S) of S is a two-sided ideal. In particular, if MR is square-free then S is right
quasi-duo.
Proof. Let I be a right ideal of S containing J(S). Let f ∈ I and φ ∈ S.
We must show that φf ∈ I. By Lemma 2.4, there exist e, g, h ∈ S and i, j ∈ J(S)
such that e = fg + i is an idempotent and f = eh + j. We have e belongs to I
and φf = φeh + φj, so that it suffices to show that φe ∈ I. Indeed, let N ′ be a
direct summand of MR such that MR = N ⊕N
′ with N = e(MR). If set M1 is an
injective envelope of kerφ, then there exists a direct summandM2 ofMR such that
MR =M1⊕M2. Let N1, N2 be respectively injective envelopes of N ∩M1, N ∩M2
in N . By Lemma 2.3, we may assume that
MR = N ⊕N
′ = N1 ⊕N2 ⊕N
′.
Consider the morphism φ |N2 : N2 → N1⊕N2⊕N
′ restricted on N2 of φ. It is easy
to check that φ |N2 is injective. Hence, N2
∼= φ |N2(N2) and by Lemma 2.2, A =
N2∩φ |N2(N2) is an essential submodule of N2. Set B = φ
−1
|A (A) with φ|A : A→ N2
is the morphism restricted on A of φ. Then B is also an essential submodule of N2.
Write ψ : N2 → N2 for a morphism extending of φ |A and let ψ
′ = ιN2ψpiN2 . One
has ψ′(MR) ⊆ N2 ⊆ N = e(MR), which implies from Lemma 2.5 that ψ
′ ∈ eS ⊆ I.
Moreover, since for any a+ b+ c ∈ (kerφ ∩N1)⊕B ⊕N
′, (φe− ψ′)(a+ b+ c) = 0
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and (kerφ∩N1)⊕B ⊕N
′ is essential in MR, φe− ψ
′ belongs to J(S). This shows
that φe ∈ I.
Lemma 2.7. Let MR be an injective R-module, S = End(MR) be the endomor-
phism ring of MR. Then for any two elements f, g of S, g = hf + j for some
h ∈ S, j ∈ J(R) if and only if ker f ∩ A ⊆ ker g for some essential submodule A of
MR.
Proof. Assume that g = hf + j for some h ∈ S and j ∈ J(S). Then ker g ⊇
ker(hf) ∩ ker j ⊇ ker f ∩ A with A = ker(j) ⊆e MR.
Conversely, assume that ker f ∩A ⊆ ker g for a submodule A ⊆e MR. LetM1 be
an injective envelope of ker g in MR, and N1 be an injective envelope of ker f ∩ A
in M1. Assume that MR = N1 ⊕ N2 ⊕ M2 for some direct summands N2,M2
respectively of M1 and MR. Consider the diagram
0 // N2 ⊕M2
f |N2⊕M2
//
g |N2⊕M2

MR
h
vv
MR
Here, f |N2⊕M2 , g |N2⊕M2 are the morphisms respectively restricted on N2 ⊕M2 of
f, g. Since MR is injective, there exists h :MR →MR such that
g |N2⊕M2 = h.f |N2⊕M2 .
Because (g − hf)(a+ b+ c) = 0 for any a+ b+ c ∈ (ker f ∩A)⊕N2 ⊕M2 which is
essential in MR, j = g − hf ∈ J(S).
Theorem 2.8. Let MR be an injective R-module and S = End(MR) be the endo-
morphism ring of MR. If MR is square-free then every left ideal of S containing the
Jacobson radical J(S) of S is a two-sided ideal. In particular, if MR is square-free
then S is left quasi-duo.
Proof. Let I be a left ideal of S containing J(S). Let f, φ be elements of S
with f ∈ I. We must show that fφ ∈ I. By Lemma 2.4, there exist e, g, h ∈ S
and i, j ∈ J(S) such that e = gf + i is an idempotent and f = he + j. Hence,
e ∈ I and fφ = heφ + jφ. It suffices to show that eφ ∈ I. Indeed, set N1 = ker e
and let N2 be a direct summand of MR such that MR = N1 ⊕ N2. Consider
ψ := piN2φιN1 : N1 → N2. If set N
′
1 is an injective envelope of A := kerφ in
N1 then exists a direct summand N
′′
1 of MR such that N1 = N
′
1 ⊕ N
′′
1 . Since
kerψ |N ′′
1
= N ′′1 ∩A = 0, ψ |N ′′1 is injective. This implies N
′′
1 is isomorphic to a direct
summand C of N2. Hence,MR contains a direct summand isomorphic to C⊕C. By
hypothesis, C = 0. In other words, A is essential in N1. Now, one has that φ can be
written as the matrix φ =
(
piN1φιN1 piN1φιN2
piN2φι1 piN2φιN2
)
. Then ker(eφ) = φ−1(ker e) =
φ−1(N1) ⊇ ker(piN2φι1)⊕ ker(piN2φιN2) ⊇ A = (A ⊕N2) ∩N1 = (A ⊕N2) ∩ ker e.
Since A ⊕ N2 is essential in MR, by Lemma 2.7, there exist h ∈ S, j ∈ J(S) such
that eφ = he+ j. Thus eφ ∈ I.
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